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(Stochastic) Petri nets were naturally applied to 
modelling of metabolic networks, signal transduction 

pathways and gene regulatory networks

S + E ! [SE] → P + E

S
SE

E

P



Sackmann et al. BMC Bioinformatics (2006), 7:482

!"#$!%&%'(&)*+,%-.!"##$%!!&'(" )**+&,,---./01234536*789.512,:';:<":#=,;,'("

>8?3!:#!1@!:;

/0+12$'3*42)$'&,$(&)$-%,+,%&'$03)0&.2.5

The Petri net model of the mating pheromone response pathway of S. cerevisiaeFigure 7
The Petri net model of the mating pheromone response pathway of S. cerevisiae. The Petri net, modelling the sig-
nal transduction pathway of the mating pheromone response in S. cerevisiae. The meaning of the places is listed in Table 3 and 
of the transitions in Table 4. The logical nodes are coloured in grey. A logical node is identified by its name and exists in multi-
ple copies in the net, which are logically identical. This construct is mainly used to avoid immoderate arc crossings. The transi-
tions, which are contained in the seven MCT-sets of Table 5, are coloured differently.
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Approximately 15 minutes later, their nuclei fuse, and they re-bud as diploids. This full process 

can happen in as little as two hours (reviewed in [1]).  

 

Figure 1.1 – Schematic of the S. cerevisiae mating process 

Two haploid cells of the opposite mating type can polarize and grow towards each other 

(chemotropism). These cells form sexual protrusions called shmoos and can fuse their cytoplasms 

and nuclei to form diploid cells. 

 

For these reasons, mating in budding yeast has been widely studied as an example of 

inter-cellular communication between eukaryotic cells. The work described in this thesis focuses 

on the signal sensing step and its implications for gradient detection, self vs. non-self 

discrimination and partner choice. In Chapter 3 we generate artificial and alternative mating types 

and ask what defines a possible mating partner by looking at the determinants of sexual identity. 

In Chapter 2 and Appendix A we look at what happens when one yeast cell is in the presence of 

several possible partners. We ask how they disentangle the signal gradients formed by large 

numbers of cells and how they distinguish between close, far away and equally distant partners. 

In Chapter 4 we extend these studies by looking at the specificity of different fungal pheromone 

receptors to self and non-self pheromones. Our goal is to look not only at the determinants of 

specificity but also at the role they might play in speciation.   

The purpose of this introduction is to present some background on yeast mating. I start by 

describing what is common between both mating types, including some of the known molecular 

details of the signaling pathway and the fusion process. I then introduce the differences between 

Application of Petri net based analysis techniques to signal 
transduction pathways



is not explicitly represented in the SPN model; same as in Novak
and Tyson (2002) it is assumed that the concentration of the
dimer is always in equilibrium with that of CycBT and CKIT .
Therefore, CycB is algebraically expressed in the SPN model as
follows:

CycB ¼ a#CycBT "
2a2#CycBT#CKIT

Sþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2 " 4a2#CycBT#CKIT

q

where S ¼ a#CycBT þ a#CKIT þ K"1
eq .

Translating the ordinary differential equation (1) provided for
cell mass growth in Novak and Tyson (2002) into the stochastic
model requires a different process. Indeed, that equation does not
have a counterpart in terms of a discrete number of molecules.
Therefore, an SPN subnet in which the mass is represented by a
continuous number of tokens1 is included in the SPN model. This
subnet is shown in Fig. 4. Each firing of transition growth causes
an increase in the marking of place Mass of a fixed quantity

d ¼ 0:005. The firing rate of growth is itself dependent of the
marking of place Mass, thus reproducing the exponential growth
described by Eq. (1).

The subnet in Fig. 4 also checks the condition for which the cell
divides. First of all, the marking dependent guard m $ CycB40:2 is
assigned to the immediate transition threshold, which when
satisfied causes the transition to fire immediately (zero delay).
This firing removes the token initially assigned to place low and
puts one token in place high, representing the fact that the activity
of Cdks has reached a level that allows the cell to leave the
interphase and enter mitosis. The exit from mitosis is modeled
through the marking-dependent guard m $ CycBo0:1 assigned to
transition division. When the condition is satisfied, division fires
immediately (zero delay). The two conditions assigned to
transition threshold and division check whether Cdk/CycB activity
first reached a critical high activity and later dropped to a critical
low activity, which is the condition for proper cell division
(Csikász-Nagy et al., 2007). The firing of division removes the
tokens contained in place Mass (through a marking-dependent
weight on the connecting arc) and puts half of them back into
Mass (through another marking-dependent arc). This halving of
the marking of place Mass models the cell division. The firing of
transition division also removes the token contained in place high
and inserts one token back into place low, to reset the subnet for
another cell cycle. The firing rates and guards assigned to the
transitions of the subnet in Fig. 4 are provided in Table 2.

The overall SPN model is composed by the subnets in Figs. 3
and 4 plus the transition specification reported in Tables 1 and 2.
This model has been implemented into the Möbius tool (Peccoud
et al., 2007), which supports the adopted modeling formalism and
allows for graphical model definition and for solution via
simulation. The initial state of the model, i.e. the number of
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Table 1
Mapping between terms of the deterministic model and the SPN transitions

Eq. Term Transition Rate function Guard

(2) k1 t1 k1a"1 –

"k02½CycBT & t02 k02#CycBT –

"k002½Cdh1A&½CycBT & t002 k002#Cdh1A#CycBTa #Cdh1A40

"k0002 ½Cdc20A&½CycBT & t0002 k0002 #Cdc20A#CycBTa #Cdc20A40

(3) k03ð1" ½Cdh1A&Þ
ðJ3 þ 1Þ " ½Cdh1A &

t03 k03#Cdh1I

J3 þ #Cdh1Ia
–

k003 ½Cdc20A&ð1" ½Cdh1A&Þ
ðJ3 þ 1Þ " ½Cdh1A&

t003 k003#Cdc20A#Cdh1Ia
J3 þ #Cdh1Ia

#Cdc20A40

"
k4m½CycB&½Cdh1A&

J4 þ ½Cdh1A&
t4 k4mCycB#Cdh1A

J4 þ #Cdh1Aa
CycB40

"
k04 ½SK&

J4 þ ½Cdh1A&
t04 k04#SK

J4 þ #Cdh1Aa
#SK40

(4) k05 t05 k05a"1 –

k005
ðm½CycB&Þn

Jn5 þ ðm½CycB&Þn
t005 k005

ðm½CycB&Þn

Jn5 þ ðm½CycB&Þn
CycB40

"k6½Cdc20T & t6a k6#Cdc20I –

(5) k7 ½IEP&ð½Cdc20T & " ½Cdc20A&Þ
J7 þ ½Cdc20T & " ½Cdc20A&

t7 k7#IEA#Cdc20Ia
J7 þ #Cdc20Ia

#IEA40

"
k8½Cdc20A&

J8 þ ½Cdc20A&
t8 "

k8#Cdc20A

J8 þ #Cdc20Aa
–

"k6½Cdc20A & t6b k6#Cdc20A –

(6) k9m½CycB&ð1" ½IEP&Þ t9 k9mCycB#IEI CycB40

"k10½IEP& t10 "k10#IEA –

(7) k11 t11 k11a"1 –

"k012½CKIT & t012 k012#CKIT –

"k0012½SK&½CKIT & t0012 k0012#SK#CKITa #SK40

"k00012m½CycB&½CKIT & t00012 k00012mCycB#CKIT CycB40

(8) k013 t013 k013a"1 –

k0013½TF& t0013 k0013#TFA #TF40

"k14½SK& T14 k14#SK –

(9) k015mð1" ½TF&Þ
J15 þ 1" ½TF&

t015 k015m#TFI
J15 þ #TFIa

–

k0015½SK&ð1" ½TF&Þ
J15 þ 1" ½TF&

t0015 k0015#SK#TFIa
J15 þ #TFIa

#SK40

"
k016½TF&

J16 þ ½TF&
t016 "

k016#TFA
J16 þ #TFAa

–

"
k0016m½CycB&½TF&

J16 þ ½TF&
t0016 "

k0016mCycB#TFA
J16 þ #TFAa

CycB40

Mass

growth division

threshold

highlow

#Mass

#Mass/2

Fig. 4. SPN subnet modeling mass growth a cell division. SPN additional notation

is as follows: is an instantaneous transition firing in 0 time, arcs cut by a small

mark have variable cardinality.

Table 2
Specification of transition attributes of the SPN subnet modeling mass growth and
cell division

Transition Rate function Guard

Growth m
d
#mð1" #m=m)Þ –

Threshold 1 #MassCycB40:2
Division 1 #MassCycBo0:1

1 Places containing continuous number of tokens are a specific feature of the
Möbius tool (Peccoud et al., 2007).

I. Mura, A. Csikász-Nagy / Journal of Theoretical Biology 254 (2008) 850–860 855

Mura & Csikasz-Nagy et al. J Theor Biol (2008), 254: 850

Stochastic Petri Net extension of a yeast cell cycle model





A few examples of biological processes that I am trying 
to model by Stochastic Petri Nets

V(D)J recombination

Ion channel dynamics

Cell population dynamics



V(D)J recombination

a.k.a.

Making an antibody gene

a.k.a.

Random cutting and pasting of DNA



... ...... ...

G.O.D.

1 2 3 4 111 112 623 1245 n

1 2 3 4 111 112 623 1245 n... ...... ...

Ag A

Ag B

111 111

111

111 111

111 1245 1245

1245 1245 1245 1245

Stem Cell

V(D)J 
recombination



V(D)J recombination



A Cartoon of V(D)J recombination

Recombination V(D)J

V-segments  J-segments C-segment

Transcription

mRNA processing

Translation

Light Chain Protein



Yield and allelic exclusion constrain the 
kinetics of V(D)J recombination

Maximize diversity and allelic exclusion 
in the output of the reaction

Lymphocytes must have only one antigen receptor



V J

V J

A toy VJ locus model



V–J, V–J, R- V–J, V–J, R+

VJ+, V–J, R+ VJ+, V–J, R-

VJ-, V–J , R+

VJ-, V–J , R+

VJ+, VJ- , R+

VJ-, VJ- , R+

VJ+, VJ- , R-

...

1/3

2/3

1/3

2/3

1/3

2/9

=60%

=40%

1/3+2/9

1/3+2/9

[Rajewsky]

A toy VJ locus model



A toy VJ locus model
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A toy VJ locus model

V–J, V–J, R- V–J, V–J, R+

VJ+, V–J, R+ VJ+, V–J, R-

VJ-, V–J , R+

VJ-, V–J , R+

VJ+, VJ- , R+

VJ-, VJ- , R+

VJ+, VJ- , R-

...

VJ+, V–J, R+

VJ+, VJ+, R+

VJ+, VJ-, R+

VJ+, VJ+, R-

VJ+, V–J, R-

Boucontet et al.  J. Immunol. (2005) 234: 153
Sepúlveda et al.  J.Theor. Biol. (2005) 174: 3912



Boucontet et al.  J. Immunol. (2005) 234: 153
Sepúlveda et al.  J.Theor. Biol. (2005) 174: 3912

Continuous time Markov chain (CTMC) 

St = S0.Exp(Qt)

Q =
{
qi,j

}



Modelling V(D)J recombination using CTMC 

St = S0.Exp(Qt)

Q =
{
qi,j

}

The stochastic modeling was based on the Markov
chain formalism in continuous time (see Kulkarni,
1995). Hence, the waiting time for V g4Jg1 and V g1Jg4
rearrangements is exponentially distributed with
averages 1=m4 and 1=m1; respectively. The delay is also
exponentially distributed with average 1=md : The dura-
tion of the time window is unitary.

At the beginning of the time window the rearrange-
ment process in the cell is on (status 1), and it stops after
the first in-frame rearrangement (status 0). Each allele
has 3 states: without rearrangement or germline (G),
with an out-of-frame, rearrangement (R) and with an in-
frame rearrangement (F). Hence, the Markov chain has
63 states, corresponding to the configuration of the two
alleles in each gene and the status of the rearrangement
process in the cell. The cell starts in state
((G,G),(G,G),1). For example, it could do a V g1 in-
frame rearrangement switching to state ((F,G),(G,G),1).
Then, during the delay period, a V g4 out-of-frame
rearrangement occurs, passing through to state
((F,G),(R,G),1). Finally, the rearrangement process

stops, reaching the state ((F,G),(R,G),0). In Table 3
are displayed all the states with their respective links.
For sake of space, we do not provide the transition rate
matrix, Q ¼ fqi;jg where qi;j represents the transition rate
of moving from the ith state to the jth state. Instead, we
provide some examples. The transition rates from state 1
and from state 3 are given by

q1;j ¼

"2m1 " 2m4; j ¼ 1

2m4ð1" f 4Þ; j ¼ 2

2m4f 4; j ¼ 3

2m1ð1" f 1Þ; j ¼ 10

2m1f 1; j ¼ 19

0; otherwise

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

and q3;j ¼

"2m1 " m4 " md j ¼ 3

md j ¼ 4

m4ð1" f 4Þ; j ¼ 6

m4f 4; j ¼ 8

2m1ð1" f 1Þ; j ¼ 12

2m1f 1; j ¼ 21

0; otherwise

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

;

ð8Þ

where q1;1 ¼ "
P

ja1 q1;j and q3;3 ¼ "
P

ja3 q3;j : The rates
of the remaining state transitions are defined using the
same reasoning. Note that the states in which the
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Table 3
States and their links of the PFM Markov chain

State id Allelic configuration Process status Links State id Allelic configuration Process status Links

V g1Jg4 V g4Jg1 V g1Jg4 V g4Jg1

1 (G,G) (G,G) 1 2,3,10,19 33 (R,R) (F,G) 1 34,36,38
2 (G,G) (R,G) 1 5,6,11,20 34 (R,R) (F,G) 0 —
3 (G,G) (F,G) 1 4,6,8,12,21 35 (R,R) (R,R) 0 —
4 (G,G) (F,G) 0 — 36 (R,R) (R,F) 1 37
5 (G,G) (R,R) 1 14,23 37 (R,R) (R,F) 0 —
6 (G,G) (R,F) 1 7,15,24 38 (R,R) (F,F) 1 39
7 (G,G) (R,F) 0 — 39 (R,R) (F,F) 0 —
8 (G,G) (F,F) 1 9,17,26 40 (R,F) (G,G) 1 41,42,49
9 (G,G) (F,F) 0 — 41 (R,F) (R,G) 1 44,45,50
10 (R,G) (G,G) 1 11,12,31,40 42 (R,F) (F,G) 1 43,45,47
11 (R,G) (R,G) 1 14,15,32,41 43 (R,F) (F,G) 0 —
12 (R,G) (F,G) 1 13,15,17,33,42 44 (R,F) (R,R) 1 51
13 (R,G) (F,G) 0 — 45 (R,F) (R,F) 1 46
14 (R,G) (R,R) 1 35,44 46 (R,F) (R,F) 0 —
15 (R,G) (R,F) 1 16,36,45 47 (R,F) (F,F) 1 48
16 (R,G) (R,F) 0 — 48 (R,F) (F,F) 0 —
17 (R,G) (F,F) 1 18,35,47 49 (R,F) (G,G) 0 —
18 (R,G) (F,F) 0 — 50 (R,F) (R,G) 0 —
19 (F,G) (G,G) 1 20,21,28,40,52 51 (R,F) (R,R) 0 —
20 (F,G) (R,G) 1 23,24,29,41,53 52 (F,F) (G,G) 1 53,54,61
21 (F,G) (F,G) 1 22,24,26,42 53 (F,F) (R,G) 1 56,57,62
22 (F,G) (F,G) 0 — 54 (F,F) (F,G) 1 55,57,59
23 (F,G) (R,R) 1 30,44,56 55 (F,F) (F,G) 0 —
24 (F,G) (R,F) 1 25,45,57 56 (F,F) (R,R) 1 —
25 (F,G) (R,F) 0 — 57 (F,F) (R,F) 1 58
26 (F,G) (F,F) 1 27,47,59 58 (F,F) (R,F) 0 —
27 (F,G) (F,F) 0 — 59 (F,F) (F,F) 1 60
28 (F,G) (G,G) 0 — 60 (F,F) (F,F) 0 —
29 (F,G) (R,G) 0 — 61 (F,F) (G,G) 0 —
30 (F,G) (R,R) 0 — 62 (F,F) (R,G) 0 —
31 (R,R) (G,G) 1 32,33 63 (F,F) (R,R) 0 —
32 (R,R) (R,G) 1 35,36

The absorbing states are denoted by—in their links and the rearrangement process status can be 1 (on) or 0 (off).

N. Sepúlveda et al. / Journal of Theoretical Biology 234 (2005) 153–165 157

Theoretically sound but, 
 

Hard to handle

Entering terms in large transition matrices is error prone

Model (re)design is painful 



St = S0.Exp(Qt)

CTMC equivalent stochastic Petri net



Petri net editor and simulator
Snoopy 2.0: http://www-dssz.informatik.tu-cottbus.de/software/snoopy.html
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Petri net analyser
Charlie: http://www-dssz.informatik.tu-cottbus.de/software/charlie.html
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Asynchronous allele accessiblity with feedback



A toy VJ locus model
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Asynchronous allele accessiblity with feedback
Reachability is excellent, 

but ...

How can we estimate the parameters that  explain the 
experimentally observed output of the V(D)J reaction ?
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Asynchronous allele accessiblity with feedback
How can we estimate the parameters that  explain the 
experimentally observed output of the V(D)J reaction ?

Locus configuration in γδ thymocytes 
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How likely are these experimental values given the model ?



Parameter estimation based on data is not available 
(or is not straightforward) in none of the Petri net 

tools I tried 
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Asynchronous allele accessiblity with feedback

Ion channel dynamics





Ion (Ca2+) channel dynamics controls sperm chemotaxis

Guerrero et al.  Biochem. Soc.Trans. (2010) in press

 ~200 ions

 
~1000 
ions



Ion (Ca2+) channel dynamics controls sperm chemotaxis

Speract

Receptor, R0

Active Receptor, R

Inactive Receptor, .

k1 =107M-1s-1

k2 =1/0.3 s-1

cGMP , G

Hyperpolarized, V≈vl

Inactive Ca2+-channels, I

Active Ca2+-channels, R

Polarized, V≈v0

Open Ca2+-channels, O

Depolarized, V≈vh

Intracellular Ca2+ , CExtracellular Ca2+

Steering, bend generation

PDE



SPN representation of ion (Ca2+) channel dynamics 





How can Em be represented in a SPN framework ?
One would like to avoid representing all the ions...

How can one estimate the model parameters based on 
experimental data ?
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Modelling T-cell interactions and 
dynamics involved in 

autoimmunity
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TH

Carneiro et al.  Immunol. Reviews (2007) 216: 48
Sakaguchi et al.  Annu. Rev. Immunol. (2004) 22: 531
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Leon et al. J. Theor. Biol. (2000) 207: 231



Carneiro et al.  Immunol. Reviews (2007) 216: 48



The crossregulation model was formulated in 
terms of ordinary differential equations

How much would stochasticity and discreteness 
affect the results ? 

Carneiro et al.  Immunol. Reviews (2007) 216: 48



The crossregulation model formulated as a SPN

SPN representation for two sites per APC is cumbersome !



The crossregulation model formulated as a SPN

How to study the dependence on number of sites 
without redrawing the structure ?



Why aren't Petri nets widely used in 
biological research ?



Difficulties in adopting SPN framework

V(D)J recombination ~ how to estimate parameters ?

Ion channel dynamics ~ how to represent Em ?

T-cell population dynamics ~ SPN is too complex !

A personal experience
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