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Prologue

We use Generalised Hybrid
Petri Nets (GHPN ) to

construct and

graphically visualise

our models.
But, our approach can be applied
to any representation of
(biochemical reaction) networks.

A, R oscillate

all stochastic transitions are direct interface transitions

The set of direct interface transitions is: r1, r2, r3, r4, r9, r10, r11, r12,
The set of interface places is: A,
There are no monitored places between stochastic and continuous transitions.
Total number of firing events: 28305

geneA geneA_A geneR_AgeneR
A

A

A

R

A_R

mrnaA mrnaR

r1

r2

r3 r4 r12r11

r10

r9

r5

r7 r15

r13

r8

r16

r6 r14

Herajy/Heiner - WSC 2018

Improved hybrid simulation of biological models 3 / 54



Prologue The Problem Our Approach Evaluation Conclusions

GHPN example
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GHPN example with immediate transitions
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GHPN example with immediate transitions
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GHPN example with stochastic transitions

For simulation, 
set time synchronisation 
to "stochastic".offon A
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From reaction to Petri net

S1+S2 P

substrates reaction product
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notations

species ={S1, S2, P}

substrates ={S1, S2}

products ={P}

rate constants ={k}

reaction rate:
MassAction(k) = k · S1 · S2
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Reaction network - example - cartoon
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Blätke, Heiner & Marwan, BioModel Engineering with Petri Nets, Elsevier (2015)
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Reaction network - example - Petri net

A, R oscillate

all stochastic transitions are direct interface transitions

The set of direct interface transitions is: r1, r2, r3, r4, r9, r10, r11, r12,
The set of interface places is: A,
There are no monitored places between stochastic and continuous transitions.
Total number of firing events: 28305
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The Problem

Hybrid simulation (of biological reaction networks)

combines deterministic and stochastic regime;

used as an alternative approach when

pure stochastic simulation is too expensive,
pure deterministic simulation neglects
inherently discrete and/or stochastic effects;

provides a trade-off between accuracy and efficiency.
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Hybrid simulation: How does it work?

repeat the following steps:

(re)initialise the ODE solver

numerically integrate the system of ODEs
until a stochastic event is to occur

find the index of the stochastic reaction to occur

fire this stochastic reaction

update the propensities of the stochastic reactions
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Hybrid simulation: How does it work?

repeat the following steps:

(re)initialise the ODE solver

numerically integrate the system of ODEs
until a stochastic event is to occur → jump equation

find the index of the stochastic reaction to occur

fire this stochastic reaction

update the propensities of the stochastic reactions
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Hybrid simulation: two performance issues

Additional computational overhead caused by

1 jump equation

to decide when to go to the stochastic regime
needs to be done during deterministic simulation
decision depends on propensities of stochastic transitions

2 re-initialisation of ODE solver

when coming back from the stochastic regime discontinuities may occur
may be rather frequent
expensive for multiple step-size ODE solvers recording accuracy and
history information
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Our Approach
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A brief history of . . .A BRIEF HISTORY OF . . .

Stochastic PN (SPN) Continuous PN (CPN) Hybrid PN (HPN)

    

          CTMC             ODES    CTMC + ODES
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Structural analysis - interface transitions

The set of direct interface transitions is: r1, r4, r15,
The set of interface places is: F2,O,F1,
The set of monitored places is: K,H,

direct dependency
-> interface transitions
- stoch transitions
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Structural analysis - interface places

The set of direct interface transitions is: r1, r4, r15,
The set of interface places is: F2,O,F1,
The set of monitored places is: H, K

indirect dependency
-> monitored places
stochastic place
- changed by stoch transition
- side condition of cont transition

HG

K L

I

N

J

M

r7

r10

r9

r11

Herajy/Heiner - WSC 2018

Improved hybrid simulation of biological models 28 / 54



Prologue The Problem Our Approach Evaluation Conclusions

Structural analysis - interface places

The set of direct interface transitions is: r1, r4, r15,
The set of interface places is: F2,O,F1,
The set of monitored places is: H, K

indirect dependency
-> monitored places
stochastic place
- changed by stoch transition
- side condition of cont transition

HG

K L

I

N

J

M

r7

r10

r9

r11

Herajy/Heiner - WSC 2018

Improved hybrid simulation of biological models 29 / 54



Prologue The Problem Our Approach Evaluation Conclusions

Structural analysis - monitored places

The set of direct interface transitions is: r1, r4, r15,
The set of interface places is: F2,O,F1,
The set of monitored places is: H, K

interface place
continuous place, 
- changed by cont transition
- preplace of stoch transition
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Structural analysis - summary

The set of direct interface transitions is: r1, r4, r15,
The set of interface places is: F2,M,F1,
The set of monitored places is: J,H,

interface place
continuous place, 
- changed by cont transition
- preplace of stoch transition

indirect dependency
-> monitored places
stochastic place
- changed by stoch transition
- side condition of cont transition

direct dependency
-> interface transitions
- stoch transitions
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Structural analysis - terminology

interface transitions, direct dependencies → ODEs initialisation

stochastic transitions
sharing pre/post-places with continuous transitions

interface places, indirect dependencies → ODEs initialisation

stochastic places
side conditions of continuous transitions

monitored places → jump equation

continuous places
pre-places of stochastic transitions
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Structural analysis - summary

done only once
during initialisation of hybrid simulation

speed-up
depends on interactions between stochastic and continuous model parts

preserves accuracy
accuracy of accelerated HRSSA = accuracy of HRRSA

immediate transitions
often stand for rare events, thus not considered (so far)
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Evaluation
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Case Studies

We use three case studies to test or approach:

1 Calcium model (coloured GHPN )
Ismail, Herajy & Heiner, ARSBM (2018), in print

2 Eukaryotic cell cycle (GHPN )
Herajy, Schwarick & Heiner, ToPNoC (2013)

3 Yeast cell cycle (coloured GHPN )
Herajy, Liu & Heiner, J. Nonlinear Analysis: Hybrid Systems (2018)
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Case study: Calcium model - cartoon
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Case study: Calcium model - coloured GHPN
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Case study: Calcium model - model size

10,252 species (places) generated out of 16 coloured places
discrete: 251, continuous: 10001

57,401 reactions (transitions) generated out of 40 transitions
stochastic + immediate: 650 + 50, continuous: 56701

structural analysis

interface transitions: 0
interface places: 0 (opChCounter, modified by immediate transitions)
monitored places: 1 (clCaC)

accelerated HRSSA about two times faster than exact simulation
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Case study: Calcium model - 2D trace

Simulation results, example:
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Case studies: cell cycle regulation

S phase (synthesis)

G2 gap

M phase (mitosis)

G1 gap
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Case study: Eukaryotic cell cycle - GHPN

X: CycB-Cdk1
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Z: Cdc20 and Cdc14
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Case study: Eukaryotic cell cycle - model size

26 species (places)
discrete: 14, continuous: 12

51 reactions (transitions)
stochastic + immediate: 20 + 3, continuous: 28

structural analysis

interface transitions: 8
interface places: 1
monitored places: 3

accelerated HRSSA about five times faster than exact simulation
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Case study: Eukaryotic cell cycle - traces

Cellular volume - simulation results, single runs:
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Case study: Yeast cell cycle - coloured GHPN
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Case study: Yeast cell cycle - model size

62 species (places) generated out of 23 coloured places
discrete: 13, continuous: 49

194 reactions (transitions) generated out of 62 coloured transitions
stochastic + immediate: 22 + 3, continuous: 169

structural analysis

interface transitions: 0
interface places: 10
monitored places: 2

accelerated HRSSA about six times faster than exact simulation
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Case study: Yeast cell cycle - traces

Cellular volume - simulation results, single runs:
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Case studies: summary Herajy and Heiner

Table 1: Runtimes (in seconds) for the three case studies using different hybrid algorithms performed on a
Mac Pro. with 3 GHz Core i7 processor and 8GB memory.

Models/ Algorithms Haseltine
&Rawlings

Accelerated HRSSA Accelerated
HRSSA

Simulation
Time

Yeast Cell Cycle 984.5 423 435.2 163.3 10,000 min.
Eukaryotic Cell Cycle 780 276.2 240 164.2 1,000 min.
Calcium model 22,620 14,460 30,980 10,800 10 sec.

paper we consider a simple discretisation of the grid into 50×50 and 25 channels arranged in one cluster.
The model description is available at (Nagaiah et al. 2012).

Table 1 compares the runtimes of our method with two other hybrid simulation algorithms. The
benchmarks are performed using Snoopy (Heiner et al. 2012); (Herajy et al. 2017) — a Petri net tool that
supports, among others, the simulation of hybrid models. Snoopy implements Algorithms 2- 6 in addition
to the exact version of the Haseltine &Rawlings approach in (Haseltine and Rawlings 2002). The runtimes
in Table 1 demonstrate that the accelerated approach in combination with the HRSSA indeed improves the
hybrid simulation performance. The performance gain increases with a decrease in the number of interface
reactions. For instance, our saving in runtime when simulating the Yeast Cell Cycle model is better than for
the Eukaryotic Cell Cycle, since the former has less interface reactions. For larger models (e.g., the calcium
model), the ODE solver will need more time to be reinitialised. This is a great opportunity to reduce the
effects of such a step using the presented improvements. Moreover, the large number of variables in a model
considerably affects the performance of the HRSSA algorithm (as demonstrated by the calcium model).
Therefore, our suggestion to use interface species (see Eq. (8)) improves the performance of the HRSSA.

The accuracy of our proposed approach is equivalent to the original HRSSA, since our improvements
do not alter the way in which HRSSA simulates hybrid models. In (Marchetti et al. 2016), the accuracy of
the HRSSA has been compared with many other simulation algorithms including Gillespie’s direct method.
It has been confirmed that the accuracy of the HRSSA is close to the direct method’s results. Moreover,
compared with the accelerated algorithm in (Herajy and Heiner 2016), the improved HRSSA removes the
need for approximating the jump equation.

5 CONCLUSIONS AND FUTURE WORK

In this paper we have introduced an improved approach to speed up the simulation of hybrid biological
models that require the combination of stochastic and deterministic approaches. Our ideas may best be
used in combination with the static partitioning approach and can be extended to support the dynamic one.

For the simulation of statically partitioned nets, the algorithms outlined in this paper can be considerably
simplified to minimise the initialisation time, particularly for larger nets consisting of hundreds of thousands
or even millions of species and reactions. This kind of models usually comprise a few stochastic reactions
compared with the number of deterministic ones. In this scenario, the set of direct interface reactions can be
extracted by following the manipulated species of each stochastic transition and checking their connections
with deterministic reactions. One interesting direction to extend the work presented in this paper is to
develop an algorithm to determine the best partitioning of the net that minimises the number interface
reactions, interface species, and monitored species, while partitioning the set of reactions into fast and slow
ones. Moreover, extending our algorithms to support dynamic partitioning is also of paramount importance.
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For each case study, the number of stochastic events generated by the four
algorithms are comparable.

Herajy/Heiner - WSC 2018

Improved hybrid simulation of biological models 49 / 54



Prologue The Problem Our Approach Evaluation Conclusions

Conclusions
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Implementation - tools supporting GHPN

Snoopy (2010) - GUI tool for design and simulation of Petri nets

S4 (2014) - Snoopy Simulation and Steering Server

Spike (2018) - CLI tool for simulation of Petri nets, using config scripts

All available at http://www-dssz.informatik.tu-cottbus.de/DSSZ/Software/Software
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Conclusions

We have presented an approach for improving the performance of
hybrid simulation algorithms → accelerated HRSSA

exploiting structural knowledge.

The improvements

minimise the work done by the jump equation,
minimise the re-initialisation of the ODEs simulation,
see paper for details.

The suggested improvements will be useful to cope with
the rapid growth of (biological) models.
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Future work

Extend structural analysis to immediate transitions (optional).

Better understand why performance gain
may depend on the chosen ODEs solver.

User guidance to find a partitioning minimising
the interface between the stochastic and deterministic subnet.

Investigating dynamic partitioning
in combination with accelerated HRSSA.

Performance comparison for more case studies (using Spike).
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Any questions?
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